20598 — Finance with Big Data
Week 2 Lecture: Portfolio Theory

Clément Mazet-Sonilhac
clement.mazetsonilhac@unibocconi.it

Finance Department, Bocconi University
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https://cms27.github.io

Unanswered Questions from Last Class

® Giacomo : Is an asset always tradable?

® Joannis : What happens to the auction game if one buyer is irrational ?
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Results from the survey
#1 : Office hours

What would be your favorite slot(s) for the office hours? 28 O]

2pm-4pm

4pm-6pm
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2 4
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B Tuesday B Wednesday M Thursday
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Results from the survey
#1 : Office hours

Office hours: Wednesday 4pm-6pm
Better if you send me an email

beforehand
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Results from the survey
#2 : Background

How much do you know about finance? 28 ®

Advanced: My bachelor degree was in finance || R R
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Results from the survey
#3 : Next year

What do you want to do next year? 25 ®

Join a PhD program! [
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Results from the survey

#5 : Pace was almost perfect... on average (avg. = 51)
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Results from the survey

#5 : Pace was almost perfect... on average (avg. = 51)

0 - - - . - - - -
7 39 40 45 47 50 51 57 70
M count
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Waiting for answers about attending status!

FILIPPI EDOARDO
RODA MATTEO
BAO YISHUN
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Outline

Asset Management : What and Why ?

Portfolio Theory

Returns : Stats. & Historical Data

Portfolio Properties

The Efficient Frontier
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Outline

Asset Management : What and Why ?
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What is Asset Pricing / Management ?

Savings = offer of money

Asset Management
Banks
Private Equity
Venture Capital
FinTech

Finance industry

Informed intermediaries

S

Investment = demand of
money
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What is Asset Pricing / Management ?

Savings = offer of money

Asset Management

Finance industry
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Investment = demand of
money

14 /69



What is Asset Pricing / Management ?

® An asset management company is a firm that collect and invest the wealth of

households and firms

Clients
®
[ ﬂ Asset
[ =] Managers
e
= — %o
¢ = -

=l Invest on clients
® behalf

Provide Capital

® Typical informed intermediaries

Clients

°
Asset T °

Managers / °

=3 [ ]
%o

Returns are delivered
for clients in \

[ ]
L]
exchange for a fee T
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What is Asset Pricing / Management ?

® Why do we need them?
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What is Asset Pricing / Management ?

® Why do we need them?

® Individual investors usually lack the expertise and resources to consistently
produce strong investment returns over time (= information asymmetry)

® Therefore, many investors rely on asset management companies to invest capital
on their behalf
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What is Asset Pricing / Management ?

® Why do we need them?

® Individual investors usually lack the expertise and resources to consistently
produce strong investment returns over time (= information asymmetry)

® Therefore, many investors rely on asset management companies to invest capital
on their behalf

® But also:

— economies of scale: average fixed cost (per $ of investment) decreases as
the size increases

— economies of scope: average variable cost decreases as number of products
offered increases

— Search and matching frictions
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What is Asset Pricing / Management ?

® Matching buyers and sellers might be tricky

® |In particular in non-centralized markets
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What is Asset Pricing / Management ?

® Matching buyers and sellers might be tricky

® |n particular in non-centralized markets
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Asset Management Companies

® Asset Management Companies come in many different forms and structures :

— Standard Asset Management firms (MMF, Index and Pension funds)

— Hedge funds
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Asset Management Companies

® Asset Management Companies come in many different forms and structures :

— Standard Asset Management firms (MMF, Index and Pension funds)

— Hedge funds

® AMC differ in their legal status, methods, investment horizons, fees, etc.

— Mutual funds — highly regulated (40 Act) + low fees (0.5-1.5% of AUM)

— Hedge funds — poorly regulated, high fees (2% of AUM + 20% of profits)
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Asset Management Companies

® Asset Management Companies come in many different forms and structures :
— Standard Asset Management firms (MMF, Index and Pension funds)
— Hedge funds
® AMC differ in their legal status, methods, investment horizons, fees, etc.
— Mutual funds — highly regulated (40 Act) + low fees (0.5-1.5% of AUM)
— Hedge funds — poorly regulated, high fees (2% of AUM + 20% of profits)
® But hedge funds come with restrictive investment rules:

— High minimum investment (average $1M)

— Wealthy investors: annual income >$200,000 and net worth (excluding
house) >$1M

18/69



Asset Management Companies
Standard Asset Management firms (2023)
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Asset Management Companies
Standard Asset Management firms (2023)

Rank

1

Company
BlackRock
Vanguard Group
UBS Group *
Fidelity Investments
State Street Global Advisors
Morgan Stanley
JPMorgan Chase
Credit Agricole
Allianz Group
Capital Group

Goldman Sachs

Country
us
us

Switzerland
us
us
us
us
France

Germany

us

us

Total AUM, US$b
9,570
8,100
4,380
4,283
4,020
3,320
2,960
2,875
2,760
2,700

2,394

Balance sheet

03/31/2022

03/31/2022

03/31/2022

03/31/2022

03/31/2022

03/31/2022

03/31/2022

12/31/2021

03/31/2022

12/31/2021

03/31/2022
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Asset Management Companies

Standard Asset Management firms

“Don’t look for the
needle in the haystack.

Just buy the haystack!”

® John Bogle, founder of Vanguard: advocate of passive investment
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Asset Management Companies

Zoom on BlackRock

® Wealth Management: Aladdin (Asset, Liability and Debt and Derivative
Investment Network) by BlackRock

— As of 2020, Aladdin managed $21.6 trillion in assets
— about 7% of the world’s financial assets

— keep track of about 30,000 investment portfolios.
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Asset Management Companies
Hedge Funds = You don't know them

Renaissance Technologies LLC (Medallion fund)

Bridgewater Associates.

— Man Group Ltd.

Citadel LLC.

TCl Fund Management Ltd.
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Asset Management Companies
Hedge Funds = You don't know them

Renaissance Technologies LLC (Medallion fund)

> =~ $106 bn AUM
> Average gains of &~ 70% per year from 1988 to 2018
» Must-read : The Man Who Solved the Market

Bridgewater Associates.
Man Group Ltd.
Citadel LLC.

— TCI Fund Management Ltd. -~ Gregory Zuckerman

22/69


https://www.amazon.fr/Man-Who-Solved-Market-Revolution/dp/073521798X

The Man Who Solved the Market

Renaissance Technologies LLC

® James Simmons (1), Renaissance
Founder and CEO.

® MSc from MIT, PhD in Mathematics
from UC Berkeley. See his TED Talk
here

® Worst year was 21%. 98% return in
2008

® James Simmons himself made $2.5bn
of income in 2008
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https://www.amazon.fr/Man-Who-Solved-Market-Revolution/dp/073521798X
https://www.youtube.com/watch?v=U5kIdtMJGc8

Asset Management Companies
Who are the clients?

® They invest on behalf of various types of clients, such as :

— Retail investors

— Institutional investors (Banks, pension funds, insurance companies)
— Public sector (government organizations)

— Private sector

— High-net-worth clients ("sophisticated" investors with income of at least
$200,000 or $1 million net worth)

24 /69



What is Asset Pricing ?

® Asset Pricing &~ Investment Theory

® A sub-field of finance that explores the factors determining the prices of (and
returns on) financial and real assets, including :

— Equity (stocks), bonds, currencies, real estate, etc.

— Very complex valuation
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What is Asset Pricing ?

® Asset Pricing ~ Investment Theory

® A sub-field of finance that explores the factors determining the prices of (and
returns on) financial and real assets, including :

— Equity (stocks), bonds, currencies, real estate, etc.

— Very complex valuation

® Guides the decision-making process of choosing investments

— key knowledge for AMC!
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Key questions

1. How to allocate/invest the money ?

2. How to predict asset returns?

26 /69



A long-term perspective on Asset Pricing

You!

Pre-1950
2022

The « Chaos »
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A long-term perspective on Asset Pricing

Emile Zola

11 denaro

Emile Zola
Money

Anew translation by Valerie Minogue

OXFORD WORLD’S CLASSICS

Sellerio editore Palermo

Link to the novel
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https://en.wikipedia.org/wiki/L%27Argent

A long-term perspective on Asset Pricing

You!

Pre-1950
2022

The « Chaos »
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A long-term perspective on Asset Pricing

Portfolio Theory

) ,
16
‘:‘ w

1952 1976

Pre-1950

Normative
Theory

The « Chaos » CAPM

You!

2022
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A long-term perspective on Asset Pricing

: Bloomberg = data!
: 1981

1

| IBM-Microsoft

Portfolio Theory

) ,
16
‘:‘ w

1952 1976 2022

Empirics strike
You!
back! o
1993

Pre-1950

The « Chaos » CAPM

3-Factor Model

27/69



A long-term perspective on Asset Pricing

Big data = too much data!
Machine Learning

: Bloomberg = data!
Portfolio Theory APT } 1981

: .

actor « z0o »

| IBM-Microsoft
11980

2, 0
@ B \,\\

Pre-1950 1964

You!

1993

1952 1976 2011 2022

Data science

The « Chaos » CAPM

Internet = more data!
2000

3-Factor Model
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A long-term perspective on Asset Pricing

Normative
Theory I

Pre-1950

The « Chaos »

Portfolio Theory

1952

1964

CAPM

1976

: Bloomberg = data!

: 1981
|

| IBM-Microsoft

1 1980

1993

3-Factor Model

actor « z0o »

2011

Internet = more data!
2000

Big data = too much data!

Machine Learning

You!

2022
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Key questions

1. How to allocate/invest the money ? — Portfolio Theory (today)

2. How to predict asset returns? — CAPM and APT (next week(s))
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Portfolio Theory

® How do fund managers allocate their money ?
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Portfolio Theory
® How do fund managers allocate their money ? — they create portfolios !

® A portfolio is simply a specific combination of assets, usually defined by portfolio
weights that sum to 1 :

w = {w1, wa, ..., wn}

B N;P;
B N1P1+N2P2++ann

Wi

1l=wi +w2+..4+wy
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Portfolio Theory
® How do fund managers allocate their money ? — they create portfolios !

® A portfolio is simply a specific combination of assets, usually defined by portfolio
weights that sum to 1 :

w = {wr,ws, ..., wn}

. N, P;
" N1Pi + NoPs + ... + N, P,

Wi

1:w1 + w2 + ... + Wn

® Portfolio weights can sum to 0 (neutral portfolios) and weights can be positive
(long positions) or negative (short positions)

® Assumption: portfolio weights summarize all relevant information
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Portfolio Theory

Example 1

® You invest $100,000 in three stocks : 200 shares of stock A, 1,000 shares of
stock B, and 750 shares of stock C.

® Your portfolio is summarized by the following weights :

Dollar Portfolio

Asset Shares Price/Share Investment Weight
A 200 $50 $10,000 10%
B 1,000 $60 $60,000 60%
C 750 $40 $30,000 30%
Total $100,000 100%
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Portfolio Theory

Example 1 with leverage

® You have $50,000 and you borrow $50,000 from the market (riskless bond)

® You invest $100,000 in three stocks : 200 shares of stock A, 1,000 shares of
stock B, and 750 shares of stock C.

® What are the new portfolio weights ?
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Portfolio Theory

Example 1 with leverage

® You have $50,000 and you borrow $50,000 from the market (riskless bond)

® You invest $100,000 in three stocks : 200 shares of stock A, 1,000 shares of
stock B, and 750 shares of stock C.

® \What are the new portfolio weights ?

Dollar Portfolio
Asset Shares Price/Share Investment Weight
A 200 $50 $10,000 20%
B 1,000 $60 $60,000 120%
C 750 $40 $30,000 60%
Riskless Bond —-$50,000 $1 -$50,000 -100%
Total $50,000 100%
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Portfolio Theory

Example 2

® You decide to purchase a nice flat in Milan that costs $500,000 by paying 20% of
the purchase price and getting a mortgage for the remaining 80%

® What are your portfolio weights for this investment ?
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Portfolio Theory

Example 2

® You decide to purchase a nice flat in Milan that costs $500,000 by paying 20% of
the purchase price and getting a mortgage for the remaining 80%

® What are your portfolio weights for this investment ?

Dollar Portfolio

Asset Shares Price/Share Investment Weight
Home 1 $500,000 $500,000 500%
Mortgage 1 —-$400,000 —-$400,000 —400%
Total $100,000 100%

® \What happens to your total assets if your home price declines by 15% ?
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Portfolio Theory
Why Not Pick The Best Stock Instead of Forming a Portfolio 7
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Portfolio Theory
Why Not Pick The Best Stock Instead of Forming a Portfolio 7

TWITTER’S SHARE PRICE DURING MUSK ACQUISITION

APRIL 25

$51.70 o Twitter’s board accepts Musk's offer
$50
JuLy 8
Musk files to
45 pull out of deal
40
APRIL14 Y
Elon Musk 36.81
5 offers to $
buy Twitter
30

APRIL 2022 ‘ MAY JUNE JUuLy
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Portfolio Theory
Why Not Pick The Best Stock Instead of Forming a Portfolio 7

® We don't know which stock is best | EMH says that you cannot predict
tomorrow's price :

— All available information is already reflected in today’s price. What moves the price
tomorrow is new information, and by definition, new information is unpredictable.
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— All available information is already reflected in today’s price. What moves the price
tomorrow is new information, and by definition, new information is unpredictable.

® Portfolios provide diversification, reducing unnecessary risks
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Portfolio Theory
Why Not Pick The Best Stock Instead of Forming a Portfolio 7

® We don't know which stock is best | EMH says that you cannot predict
tomorrow's price :

— All available information is already reflected in today’s price. What moves the price
tomorrow is new information, and by definition, new information is unpredictable.

® Portfolios provide diversification, reducing unnecessary risks

® Portfolios can customize and manage risk/reward trade-offs.
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Portfolio Theory

How Do We Construct a “Good” Portfolio ?

® What does “good” mean?
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Portfolio Theory

How Do We Construct a “Good” Portfolio ?

® What does “good” mean?

® What characteristics do we care about for a given portfolio ?

— Risk and reward
® Remember from Lecture 0:
— Investors like higher reward (more money is better)

— Investors dislike risk (less risk is better)

= Mean-variance preferences: investors care only about the expected return and
volatility of their overall portfolio
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Portfolio Theory

Measuring risk and reward

= Mean-variance preferences: Investors care only about the expected return and
volatility of their overall portfolio

Expected return (7)

<
<

Increasing return

Decreasing risk

»

Riskza)
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Portfolio Theory

Measuring risk and reward

= Mean-variance preferences: Investors care only about the expected return and
volatility of their overall portfolio

Increasing return

Expected return (7)

<
<

Decreasing risk

»

Riskza)

® But what if reward and risk are unknown ?
36 /69



Measuring risk and reward

Notation

Let P, be the initial price, P, the price at the end of the period (random
variable)

® Return on an asset over a single period is random :

P o= P — Py — ﬁ _
R S o
® Expected return :
_ - E[P]
1 =E[r] = -1
1= E[f] P

® Variance (risk) :
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Measuring risk and reward

Notation

Let P, be the initial price, P, the price at the end of the period (random
variable)

® Return on an asset over a single period is random :

P o= P — Py — ﬁ _
R S o
® Expected return :
_ - E[P]
1 =E[r] = -1
1= E[f] P

® Variance (risk) :

37/69



Measuring risk and reward

Basic statistics and historical data

® |n practice, 7 and o2 can be measured using historical data

Common sample
Return moments .
estimators

Mean 7 = E[7] p = %Zrt
t=1
1 T
Variance o? = E[(F — )?] 6% = mzm — 7)?
t=1
Standard 0_=\/O_—2 6=\/6_2

deviation
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Measuring risk and reward

Basic statistics and historical data

® Average annual total returns from 1926 to 2018 (nominal)
Asset Mean (%) SD (%)
T-bills 3.4 3.1
Long term T-bonds 59 9.8

Long term corp. bonds 6.3 8.4
Large stocks 11.9 19.8
Small stocks 16.2 31.6
Inflation 3.0 4.0
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Measuring risk and reward

® Value at the end of 2015 of $100 invested at the end of 1925 in various assets

$10,000,000 -

— Small Stocks 2007-09: ~67%, ~51%

S&P 500 o Y i $4,637,913

o i 2000-02: ~26%, ~45%. :

- VVOrl ortfolio

$1,000,000 Corporate Bonds 1987: =34%, ~30%, ]

— Treasury Bills i $480,560
£ s100000L =% $187,182
E st 1968-74: ~63%, ~37%

§ " §23,147
2 $10,000f
5
5 $2,043
§ $1,000 - $1.312
+1979-81: Inflation & TBill yields
Kk at 15%
$100 peakaat 197
1937-38: —72%, -50%
...-1928-32; Small stocks =92%, S&P 500 —~84%
$10 ! L 1 1

| L 1 L )
1925 1935 1945 1955 1965 1975 1985 1995 2005 2015
Year

® Why would any investor buy bonds?
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Measuring risk and reward

® Value at the end of 2015 of $100 invested at the end of 1925 in various assets

$10,000,000 - :
— Small Stocks 2007-09: ~67%, ~51%
S&P 500 s ) ! $4,637,913
—W o 2000-02: ~26%, ~45% . ‘
— World Portfolio
1 L s
$1,000,000 Corporate Bonds 1987: =34%, -30%
— Treasury Bills ¢ $480,560
! oo —CPI $187,182
g st 1968-74: ~63%, ~37%
-E- i
] $23,147
2 510000}
s
g $2,043
§ $1,000 - $1.312
+1979-81: Inflation & TBill yields
Kk at 15%
$100 peskat o
1937-38: —72%, -50%
...-1928-32: Small stocks ~92%, S&P 500 ~84%
$10 ! L 1 1

| L 1 L )
1925 1935 1945 1955 1965 1975 1985 1995 2005 2015
Year

® Why would any investor buy bonds? It is all about the risk-return trade-off
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Portfolio properties

® Properties of a portfolio are determined by the returns of its assets and their
weight in the portfolio

® |n the mean-variance framework, we focus on the expected value and the
variance of portfolio return

® Need information about average returns on the assets in the portfolio, and the
covariance matrix of their returns
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Portfolio properties

Expected return on the portfolio

® Expected returns on portfolio assets

Mean Return

® Expected return on the portfolio ?
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Portfolio properties

Expected return on the portfolio

® Expected returns on portfolio assets

Mean Return

® Expected return on the portfolio ? The weighted average of expected returns on
individual asset :

n
Tp = E[T‘p] = wW1T1 + WaT2 + ... + WnpTn = § wiT;

=1
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Portfolio properties

Variance of portfolio return

® Variance is (a bit) more complicated :
oy = Var[ip] = E[(7, — 7p)°]
= IE[(un(ﬁ —71) + w2 (F2 — T2) + ... + wn(Tn — ’Fn))Q]
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Portfolio properties

Variance of portfolio return

® Variance is (a bit) more complicated :
oy = Var[ip] = E[(7, — 7p)°]
= E[(wl(fl - 771) + wg(fz - 772) + ...+ wn(fn — 'Fn))Q]

® with any of those term equal to :

E[wiwj (fz — Fi)(fj — ’Fj)] = wwj COV[’I‘»;,’/’]‘]

= W;W;04j
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Portfolio properties

Variance of portfolio return

® Variance is (a bit) more complicated :
oy = Var[ip] = E[(7, — 7p)°]
= IE[(un(ﬁ —71) + w2 (F2 — T2) + ... + wn(Tn — ’Fn))Q]

® with any of those term equal to :
E[wiwj (fz — ’Fi)(fj — ’Fj)] = wwj COV[T‘»;,’/‘]‘]
= W;W;04j
® Thus :
n n
0'2 = Var[rp] = Z Zwiwjmj
i=1 j=1

® Portfolio variance is the weighted sum of all the variances and covariances

44/ 69



Portfolio properties

Variance of portfolio return

® Portfolio variance is the weighted sum of all the variances and covariances

® Need to compute all elements of the covariance matrix :

N

O1n
2 cee
021 07 O2n
2
On1 On2 On

® Diagonal elements are individual return variances : o, = 02

e Off-diagonal elements capture pair-wise co-movement of asset returns
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Portfolio properties

Variance of portfolio return

1. How many variances ? How many covariances ?
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Portfolio properties

Variance of portfolio return

1. How many variances ? How many covariances ? There are n variances, and

n? — n covariances

2. Covariances dominate portfolio variance

3. Positive covariances increase portfolio variance;
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Portfolio properties

Variance of portfolio return

1. How many variances ? How many covariances ? There are n variances, and

n? — n covariances

2. Covariances dominate portfolio variance

3. Positive covariances increase portfolio variance; negative covariances decrease
portfolio variance = diversification !
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Portfolio properties

Special case with 2 assets

® Consider the special case of 2 assets a and b

'Fp = wa'FcL + wb’fb
rp = B[fp] = waTa + wiTy

2 2 2 2 2
= We04 + Wp0op + 2WpWaTab

® with gup = PabTaob
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Portfolio properties

Special case with 2 assets

® Consider the special case of 2 assets a and b

Fp = WaTa + WpTh

Tp = ]E[Fp] = WqTa + WHTh

0127 = wicri + wgo—lf + 2WpWa 0 ab
® with 0ap = pavdaos (pab stands for the correlation)

® As correlation increases, overall portfolio risk increases !
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Portfolio properties
Example with 2 (risky) assets

® Two assets : Google and Amazon (Monthly returns, 01/2008-12/2018)

— Google : average monthly return of 1.75% and a std. dev. of 9.73%
— Amazon : average monthly return of 1.08% and a std. dev. of 6.23%

— Their correlation is 0.37

E[fp] = WqGoogle x 1.75 + WAmazon X 1.08

05 = wéoogle x 9.73% 4 wimazon x 6.232
+ 2WGoogle W Amazon (6.23 X 9.73 x 0.37)

WGoogle WAmazon B[rp] Var(rp)  SD(rp)
0 1 1.08 38.8 6.23
0.25 0.75 1.25 36.2 6.01
0.5 0.5 1.42 44.6 6.68
0.75 0.25 1.58 64.1 8.00
1 0 1.75 94.6 9.73
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Portfolio properties
Example with 2 (risky) assets

® Let's have a look to the 25/75 portfolio :

WGoogle WAmazon Blrp] Var(rp) SD(rp)

0 1 1.08 38.8 6.23
0.25 0.75 1.25 36.2 6.01
0.5 05 1.42 44.6 6.68
0.75 0.25 1.58 64.1 8.00

1 0 1.75 94.6 9.73

® Portfolio is less volatile than either of the two stocks individually !
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Portfolio properties
Example with 2 (risky) assets

21%

1.3%

xpected Return

W o.9%

050/0 T T T T 1
2.0% 4.0% 6.0% 8.0% 10.0% 12.0% 14.0%
Standard Deviation of Return
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Portfolio properties

Example with 1 risky and 1 safe asset

® Two assets: stock market (S&P 500) and a safe bond (T-bill)

— Stock market : avg. monthly return of 0.75% and a SD. of 4.25%
— T-bill : avg. monthly return of 0.12%

51/69



Portfolio properties

Example with 1 risky and 1 safe asset

® Two assets: stock market (S&P 500) and a safe bond (T-bill)

— Stock market : avg. monthly return of 0.75% and a SD. of 4.25%
— T-bill : avg. monthly return of 0.12% (and a SD. of 0%)
— Their correlation is 0

E[fp] = wgk X 0.75 + wrpin X 0.12
0'12, = w?gtk X 4252 + w%bi” X 02

+ 2wsuwrea (0 x 0 x 4.25)

wstk  wrear  Elrp]  Var(rp)  SD(rp)

0 1 0.12 0.00 0.00
0.33 0.67 0.33 1.97 1.40
0.67 0.33 0.54 8.11 2.85

1 0 0.75 18.06 4.25
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Portfolio properties

Example with 1 risky and 1 safe asset

1.0%
0.8%
//Stock Market

=
2 0.6%
[
4
kel
3 50/50 portfolio
8 0.4%
(=}
>
w

0.2%

‘ .
T-Bills
OO(VO T T T
0.0% 1.0% 2.0% 3.0% 4.0% 5.0% 6.0%

Standard Deviation of Return
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Portfolio properties

Summary

1. Portfolio expected return is a weighted average of stocks’ expected returns
2. Portfolio risk is smaller if stocks’ correlation is lower
3. Portfolio risk is smaller than the weighted average of stock'’s risk

4. Investors should care more about the risk that is common to many stocks; risks
that are unique to each stock can be diversified away
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Portfolio properties

Certain risks cannot be diversified away

1. Diversification is effective up to a certain limit — risk cannot be fully eliminated
through diversification

2. Remaining risk is known as non-diversifiable (also called market risk, systematic
risk, common risk).
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Portfolio properties

Certain risks cannot be diversified away

1. Diversification is effective up to a certain limit — risk cannot be fully eliminated
through diversification

2. Remaining risk is known as non-diversifiable (also called market risk, systematic
risk, common risk).

3. Sources of non-diversifiable risks include :

— Business cycle (Covid-19, Ukraine war)
— Inflation
— Liquidity
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Portfolio properties

What determines limits of diversification ?

® Consider an equally-weighted portfolio of n assets.

® Portfolio variance is the sum of all the terms in the matrix below :

IR ENE
- leo-lz - Wlwno_ln

)
“ WnWlUnl a Wno-n

— A typical variance term : (2)?;; — total number of variance terms is n
1

n

— A typical covariance term : (

)204; — total number of covariance terms is n?

—-n
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Portfolio properties

What determines limits of diversification ?

® |et's add all the terms :

n

Ug = Zzwiwﬂh‘j = Z(%)2Uz‘i + ZZ(%fUij

i=1 j=1 i=1 i=1 i#j
1.1 < n?—n 1 &
:(ﬁ)(ﬁ ;Uz‘i)+( 3 )(nz_n;;mj)

1 . 1 .
= (—) x average variance + (1 — —) x average covariance
n n

® What happens when n becomes very large ?
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Portfolio properties

What determines limits of diversification ?

® |et's add all the terms :

n

Ug = Zzwiwjffij = Z(%)20’ii + ZZ(%)2UU

i=1 j=1 i=1 i=1 i#j
1.1 < n?—n 1 &
:(ﬁ)(ﬁ ;aii)-i—( 3 )(nz_n;;mj)

1 . 1 .
= (—) x average variance + (1 — —) x average covariance
n n

® What happens when n becomes very large ?

— contribution of variance — 0
— contribution of covariance terms goes to average covariance
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Portfolio properties

What determines limits of diversification ?

® The average US stock has a monthly standard deviation of 10% and the average
correlation between stocks is 40%

® |f you invest the same amount in each stock, what is variance of the portfolio 7
045 = Pij0i0; = 0.40 x 0.10 x 0.10 = 0.004

1 1
i~ (=) % 0.10> 4 (1 —

—) x 0.004 ~ 0.004
n

op & 6.3%

— o0p < average stock risk
— But still 6.3% that can't be diversified
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Portfolio properties

What determines limits of diversification ?
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Portfolio properties

What determines limits of diversification ?

Portfolio Variance

Risk eliminated
by diversification

!
Total risk _ T _
of typical Undiversifiable or

stockl systematic risk

!

Number of Stocks in Portfolio
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How to choose weights ?

® Given Portfolio Expected Returns and Variances :

n
Tp = E wW;iT;
a = E wi o + E E WiW; 045

i=1 i#j

® How should we choose the best weights?
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How to choose weights?

Optimization problem

® How should we choose the best weights?
® Mean-variance static portfolio choice is a simple and commonly used formulation

® Formally, solve the following problem :

M|n|m|ze ap E wlan—&—g E WiW; 045
W5

i=1 i#£j

Subject to :(1) Zwi =1

n
2) E wWiT; = Tp
i=1

® |Intuitively : of all the portfolios [constraint (1)] with an expected return of
[constraint (2)], find the one that has the lowest variance.



How to choose weights?

Optimization problem

® How should we choose the best weights?
® Mean-variance static portfolio choice is a simple and commonly used formulation

® Formally, solve the following problem :

M|n|m|ze ap E wlan—&—g E WiW; 045
W5

i=1 i#£j

Subject to :(1) Zwi =1

n
2) E wWiT; = Tp
i=1

® |Intuitively : of all the portfolios [constraint (1)] with an expected return of
[constraint (2)], find the one that has the lowest variance.
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How to choose weights ?

Summary
® Given an expected return, the portfolio that minimizes risk (measured by
variance) is a mean-variance frontier portfolio

® The set of all frontier portfolios in the mean-variance framework is called
portfolio frontier

® The upper part of the portfolio frontier gives the efficient frontier portfolios

® To obtain the efficient portfolios, we need to solve the constrained optimization
problem (P).

® Use matrix mathematics to solve analytically!

® Use a numerical solver (e.g., Python, R, Matlab) to solve numerically

62 /69



The Efficient Frontier

2.4% 7

Efficient Frontier

1.8% ~~

129 - inimum-Variance Boundary
. ()

Expected Return

0.6%

0.0% \ \ \ |
2.0% 4.0% 6.0% 8.0% 10.0% 12.0% 14.0% 16.0%
Standard Deviation of Return

63/69



Portfolio frontier with a safe asset (54K+ citations)

PORTFOLIO SELECTION*

HARRY MARKOWITZ
The Rand Cor poration

‘THE PROCESS OF SELECTING a portfolio may be divided into two stages.
The first stage starts with observation and experience and ends with
beliefs about the future performances of available securities. The
second stage starts with the relevant beliefs about future performances
and ends with the choice of portfolio. This paper is concerned with the
secend stage We ﬁrst consider the rule that the investor does (or should)

d, or anticipated, returns. This rule is re-
jected both as a hypothea)s to explain, and as a maximum to guide in-
vestment behavior. We next consider the rule that the investor does (or
should) consider expected return a desirable thing and variance of re-
turn an undesirable thing. This rule has many sound points, both as a
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PORTFOLIO SELECTION*

HARRY MARKOWITZ
The Rand Cor poration

‘THE PROCESS OF SELECTING a portfolio may be divided into two stages.
The first stage starts with observation and experience and ends with
beliefs about the future performances of available securities. The
second stage starts with the relevant beliefs about future performances
and ends with the choice of portfolio. This paper is concerned with the
secend stage We ﬁrst consider the rule that the investor does (or should)

d, or anticipated, returns. This rule is re-
jected both as a hypothea)s to explain, and as a maximum to guide in-
vestment behavior. We next consider the rule that the investor does (or
should) consider expected return a desirable thing and variance of re-
turn an undesirable thing. This rule has many sound points, both as a

® When a safe (risk-free) asset exists, each portfolio should consist of the risk-free
asset and risky assets.

A portfolio of risk-free and risky assets can be viewed as a portfolio of 2
portfolios : (i) the risk-free asset and (ii) a portfolio of only risky assets

o All efficient portfolios are linear combinations of the riskless asset and a unique
portfolio of stocks, called the tangency portfolio
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Portfolio frontier with a safe asset (54K+ citations)

® When a safe (risk-free) asset exists, each portfolio should consist of the risk-free
asset and risky assets.

— A portfolio of risk-free and risky assets can be viewed as a portfolio of 2
portfolios : (i) the risk-free asset and (ii) a portfolio of only risky assets

o All efficient portfolios are linear combinations of the riskless asset and a unique
portfolio of stocks, called the tangency portfolio

® T be the tangency portfolio, and p all portfolios combining T" and the risk-free
asset :

p=01—-w)ry+wry
2 2 2
o, =w oy
® Which implies :

_ —T
Tp =Tf+ fap
ar
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Portfolio frontier with a safe asset (54K+ citations)

® In this case, efficient frontier becomes straight line (CML)

Capital Market Line (CML)

Tangency
portfolio

Expected return

Standard deviation of return
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Sharpe ratio

® A measure of a portfolio’s risk-return trade-off, equal to the portfolio’s risk
premium divided by its volatility :

E[rp] — 1y

Sharpe ratio =

=27 Higher is better!

® Question : What portfolio has the highest possible Sharpe ratio ?
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Sharpe ratio

® A measure of a portfolio’s risk-return trade-off, equal to the portfolio’s risk
premium divided by its volatility :

Sharpe ratio = w

=27 Higher is better!

® Question : What portfolio has the highest possible Sharpe ratio ?

® The tangency portfolio has the highest possible Sharpe ratio of all portfolios.
So are all the portfolios on the CML.

® Measure of risk-adjusted performance: key indicator for funds!
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Portfolio Theory
Key Take Away

1. Diversification reduces risk: The standard deviation of a portfolio is always less
than the average standard deviation of the individual stocks in the portfolio

2. In diversified portfolios, covariances among stocks are more important than
individual variances: only systematic risk matters
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1. Diversification reduces risk: The standard deviation of a portfolio is always less
than the average standard deviation of the individual stocks in the portfolio

2. In diversified portfolios, covariances among stocks are more important than
individual variances: only systematic risk matters

3. Investors should try to hold portfolios on the efficient frontier. These portfolios
maximize expected return for a given level of risk

4. With a riskless asset, all investors should hold the tangency portfolio. This
portfolio maximizes the trade-off between risk and expected return
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Portfolio Theory
Key Take Away

1. Diversification reduces risk: The standard deviation of a portfolio is always less
than the average standard deviation of the individual stocks in the portfolio

2. In diversified portfolios, covariances among stocks are more important than
individual variances: only systematic risk matters

3. Investors should try to hold portfolios on the efficient frontier. These portfolios
maximize expected return for a given level of risk

4. With a riskless asset, all investors should hold the tangency portfolio. This
portfolio maximizes the trade-off between risk and expected return

5. However, the Markowitz mean-variance framework has never been fully adopted
by practitioners. Why? Hint: read this blog post
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