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What do we learned from the Portfolio Theory ?

• Markowitz Mean-Variance trade-off:

– Diversification reduces risk

– Portfolio risk depends primarily on covariances

– Hold only the risk-free asset + the tangency portfolio
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What do we learned from the Portfolio Theory ?

• For any portfolio p on the CML, we have :

r̄p = rf +
r̄T − rf

σT
σp
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What do we learned from the Portfolio Theory ?

• Needed in practice?

A measure of expected returns E[r̃i] and variance σ2
i

• Last course: we used historical data and basic statistics

→ Does it work well ?
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What do we learned from applying Portfolio Theory ?
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What do we learned from applying Portfolio Theory ?

• Not great as a prediction tool (that was never Markowitz’s goal)

– EW portfolios often outperform Markowitz ones (Kolm et al., 2014)

• High transactions costs of re-balancing the portfolio

• Non normality of the returns distribution is an issue!

• In practice, what is the right sample to estimate mean and variance?

• Most Markowitz’s portfolios exclude many stocks in practice

• Above all, risk = variance rather than downside risk is criticized:

– Two portfolios that have the same level of variance and returns are
considered equally desirable

– Frequent small losses vs. rare but spectacular declines
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To go further

– review approaches for implementing Markowitz mean–variance analysis in practice

– Inclusion of transaction costs, constraints, sensitivity to inputs

– Highlights new trends and developments
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To go further (Chen et al., 2021)
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What do we learned from applying Portfolio Theory ?

• What is missing?
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What do we learned from applying Portfolio Theory ?

• What is missing?

Source : Markowitz Nobel Prize Lecture
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What do we learned from applying Portfolio Theory ?

• What is missing? → A model to price risky assets

E[r̃i] =?
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Today : CAPM and APT



Today: the Capital Asset Pricing Model

• Introduce by W. Sharpe (1964) to answer the question : E[r̃i] =?

• Builds on the Portfolio Theory of Markowitz (1952) + market equilibrium

→ Read the paper here (+30K citations)
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The market portfolio
Definition

• The market portfolio is the portfolio of all risky assets traded in the market.
• A total of n risky assets, market capitalization of asset i is :

Market Cap.i = (price per share)i × (# of shares outstanding)i

• The total market capitalization of all risky assets is :

Market Cap.M =

n∑
i=1

Market Cap.i

• The market portfolio has the following portfolio weights :

wi =
Market Cap.i∑n
i=j Market Cap.j

=
Market Cap.i
Market Cap.M

• We denote the market portfolio by wm
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Derivation of CAPM
Assumptions

1. Investors agree on the distribution of asset returns

2. Investors hold efficient frontier portfolios

3. There is a risk-free asset

– paying interest rate rf
– in zero net supply

4. Demand of assets equals supply in equilibrium
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Derivation of CAPM
Implications

• Every investor puts their money into 2 pots :

– the risk-free asset
– a single portfolio of risky assets, the tangency portfolio

• i.e., all investors hold the risky assets in same proportions

⇒ The tangent portfolio ≡ the market portfolio !
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Example with 3 risky assets
Market clearing

• Market clearing: in equilibrium, total asset holdings (demand) = total supply of
assets

• Let’s say that there are only 3 risky assets, A, B and C
• The tangent portfolio is :

wT = (wa, wb, wc) = (0.25, 0.50, 0.25)

• There are only three investors, 1, 2, 3, with total wealth of 500, 1000, 1500
$billion, respectively. Their asset holdings are :
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Example with 3 risky assets
Equilibrium

• In equilibrium, the total dollar holding of each asset = its market value :

Market capitalization of A = $750 billion

Market capitalization of B = $1, 500 billion

Market capitalization of C = $750 billion

• What is the total market capitalization ?

750 + 1500 + 750 = $3000 billion

• What are the market portfolio weights ? wM = ( 750
3000

, 1500
3000

, 750
3000

)

• The market portfolio is the tangent portfolio !

wM = (
750

3000
,
1500

3000
,
750

3000
) = (0.25, 0.50, 0.25) = wT

• Implications ?
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Tangency portfolio = Market portfolio

• The tangency is the market portfolio
• For any portfolio p on the CML, we have:

r̄p = rf +
( ¯rM − rf )

σM
σp = rf +

σp

σM
· ( ¯rM − rf )
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Tangency portfolio = Market portfolio

• John Bogle, founder of Vanguard: advocate of passive investment
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Tangency portfolio = Market portfolio
Ben David et al., 2017
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Tangency portfolio = Market portfolio
Ben David et al., 2023
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Derivation of the CAPM

Reminder: Learning the maths here is optional

This derivation is for those who like equations better than words

but the important remains the economic intuitions
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Derivation of the CAPM

• We now have a linear relationship between any portfolio p on the CML and the
market portfolio.

E[r̃p] = rf +
σp

σM
· (E[r̃M ]− rf )

• That’s great, but remember: our goal was to answer the question E[r̃i] =?

→ What is the contribution of asset i to the market portfolio?
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Derivation of the CAPM
Contribution of asset i to the market portfolio

• n risky assets compose the market
• In the presence of a risk-free asset, the return of the market portfolio is :

r̃M = (1−
n∑

i=1

wi) rf +

n∑
i=1

wi r̃i

• Each asset i contributes to the market portfolio in 2 dimensions:

– expected return (desirable)
– risk measured by return volatility (bad)

• We will consider these 2 aspects separately
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Derivation of the CAPM
Contribution of asset i to the expected return

• Expected return of the market portfolio writes :

r̄M = (1−
n∑

i=1

wi) rf +

n∑
i=1

wi r̄i

= rf +

n∑
i=1

wi (r̄i − rf )

• The marginal contribution of risky asset i to the expected portfolio return is its
risk premium:

∂r̄M
∂wi

= r̄i − rf

• Note: marginal contribution of x to A means the incremental changes of A when
x changes by a small amount
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Derivation of the CAPM
Contribution of asset i to the variance of the return

• Portfolio return variance = sum of all elements of the covariance matrix :
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Derivation of the CAPM
Contribution of asset i to the variance of the return

• Portfolio return variance = sum of all elements of the covariance matrix :

• The contribution of asset i alone is the sum of the element of the i-th row and
the i-th column :

w2
i σ

2
i + 2

n∑
i ̸=j

wiwjσij

• The marginal contribution of asset i to market portfolio variance is :

∂σ2
M

∂wi
= 2wiσ

2
i + 2

n∑
i̸=j

wjσij = 2

n∑
j=1

wjσij = 2 Cov(ri, rM )
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Derivation of the CAPM
Return to Risk Ratio of asset i

• We summarize the marginal contribution of the risky asset i by the return to risk
ratio (RRR) :

RRRiM =
r̄i − rf
σiM

• For the market (tangency) portfolio to be optimal, the return-to-risk ratio of all
risky assets should also be optimal – and must be the same :

RRRi =
r̄i − rf
σiM

= RRRM =
r̄M − rf

σ2
M

• Rewriting this equation gives :

r̄i = rf +
σiM

σ2
M

(r̄M − rf )
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Derivation of the CAPM
Intuition for equal RRR

• In the tangency portfolio, each dollar invested in any asset gives the same
expected return per unit of risk contributed to the portfolio (RRR)

• If one asset gave more reward per marginal risk, you’d invest more in it : so at
the optimum, all are equal

• Weights adjust for correlations :

– Assets with higher volatility or correlations may get smaller weights

– Safer or less correlated assets get larger weights

• So that the marginal RRR balances across all assets
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The CAPM
Main result

Capital Asset Pricing Model :

r̄i − rf = βi (r̄M − rf )

with βi =
σiM

σ2
M

• risk-reward relation is linear

• β gives a measure of asset i’s systematic risk
• E[r̃M ]− rf gives the premium per unit of systematic risk

→ The risk premium of an asset equals its systematic risk times the premium per
unit of risk
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The CAPM
Security Market Line (SML)

• The relationship between an asset’s premium and its market beta is called the
Security Market Line

• Given an asset’s beta, we can determine its expected return
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The CAPM
Example

• We are in a world where CAPM holds.

• The expected market return is 8% and T-bill rate is 2%

1. What should be the expected return on a stock with β = 0 ?

2%

2. What should be the expected return on a stock with β = 1 ?

8%

3. What should be the expected return on a stock with β = −0.6 ?

r̄ = 2%+−0.6× (8%− 2%) = −1.6%
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The CAPM
Empirically

• We can bring this equation to the data :

r̃i − rf = αi + βi(r̃M − rf ) + ϵi

• We can isolate 3 characteristics of an asset:

– α should be zero, according to the CAPM
– β measures an asset’s systemic risk
– σ = SD(ϵi) measures non-systematic risk
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The CAPM
Empirically: αi = 0

• We can bring this equation to the data :

r̃i − rf = αi + βi(r̃M − rf ) + ϵi

• According to the CAPM, alpha should be 0 for all assets
• Alpha measures an asset’s return in excess of its risk-adjust award
• What to do with an asset with positive alpha ?
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What should you do with alpha ̸= 0 ?

• Suppose that asset i violates the CAPM (αi > 0) :

r̃i − rf = αi + βi(r̃M − rf ) + ϵi

• You are a mean-variance optimizing investor with initial wealth = $1

– How would your portfolio deviate from the market portfolio ?

• Answer. Construct a portfolio P :

– long $1 of asset i
– short $ βi units of the market portfolio
– invest $ βi in the risk-free asset

• What is your portfolio return :

rp = 1 + r̃i − βir̃M + βirf

= 1 + rf + αi + ϵi

• No risk + uncorrelated with market return !

– If you mix M and P, how will be your Sharpe ratio ?
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Arbitrage Pricing
Theory



CAPM vs. Arbitrage Pricing Theory (APT)

• APT = Arbitrage Pricing Theory = alternative theory that generalizes the CAPM
• Main intuition : they are multiple sources (= factors F ) of systematic risk

The APT model with n factors

r̃i − rf = αi + βi1 F1 + βi2 F2 + ...+ βin Fn + ϵi

• Here, αi is the expected return of i
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CAPM vs. Arbitrage Pricing Theory (APT)

• Strengths of the APT:

– Derivation does not require market equilibrium

– Allows for multiple sources of systematic risk

• Weaknesses of the APT:

– No theory about what the factors should be

– Assumption of linearity is quite restrictive

→ The same fundamental insight in both models: The only component of total risk
relevant for pricing is the systematic risk
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Arbitrage Pricing Theory (APT)
Example f a 2-factor model

• Suppose that the only two systematic sources of risk are:

– Unanticipated changes in economic growth ; and

– Unanticipated changes in energy prices.

• The return on any stock respond to both sources of macro shocks and to
firm-specific shocks:

r̃i − rf = αi + βi1 FGR + βi2 FEN + ϵi
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Arbitrage Pricing Theory (APT)
Example f a 2-factor model

r̃i − rf = αi + βi1 FGR + βi2 FEN + ϵi

• What about a solar panel installer ?

• What about a long-distance trucking firm ?
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Arbitrage Pricing Theory (APT)
Example f a 2-factor model

r̃i − rf = αi + βi1 FGR + βi2 FEN + ϵi

• What about a solar panel installer ?

– cash-flows have moderate exposure to economic growth → β1 ≥ 0
– strong exposure to rising energy costs → β2 > 0 and large

• What about a long-distance trucking firm ?
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Arbitrage Pricing Theory (APT)
Example f a 2-factor model

r̃i − rf = αi + βi1 FGR + βi2 FEN + ϵi

• What about a solar panel installer ?

• What about a long-distance trucking firm ?

– cash flows are very sensitive to economic activity → β1 > 0
– Sensitive to energy costs → β2 < 0 and large

45 / 62



In Practice



Application of factor models
Estimate the expected return on Dell and IBM with the CAPM

1. Use the value-weighted stock portfolio (S&P 500) to measure r̄m

2. Use the T-bill as the risk-free rate rf

3. Linear regression of historic returns of IBM and Dell on r̄m

– Suppose we find : βIBM = 0.8 and βDell = 1.3

4. Use historic excess returns r̄m − rf to estimate average market premium

– Suppose we find : r̄m − rf = 6%

5. Apply the CAPM (suppose rf today is 2%) :

r̄IBM = rf + βIBM (r̄M − rf )

= 2% + 0.8× 6% = 6.8%

6. The expected rate of return on IBM is 6.8%. For Dell, it is 9.8%
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Application of factor models
Estimation of betas

1. OLS regression: regress excess returns of an asset (stock) on market returns

2. Regression estimates are noisy – additional statistical adjustments (shrink
estimates towards their average value, ∼ 1) → Adjusted betas

3. Certain firm characteristics help forecasting betas: size, leverage, industry, P/E
ratios, etc.

4. Betas are time-varying: incorporate time-variation into regression estimates ;
possibly use current data on firm characteristics to capture time-variation.
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Application of factor models
Estimation of betas: an illustration
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Advantages of using factor models

• Historical averages of returns on individual stocks are poor estimates of expected
returns going forward: Short samples; time-variation in risk and expected returns

• Can estimate betas more precisely than average returns.

• CAPM and APT allow us to use firm-level beta estimates (relatively precise) and
market or factor risk premia (long sample)

• Estimates of future expected returns on an asset are based on its systematic risk,
not on the average of its past returns
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Empirical properties of CAPM betas
Data from Kogan and Wang (2021)
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Empirical properties of CAPM betas
Why do industry betas differ?

• Fundamental differences?

– Cyclicality of demand

– Exposure to credit market risk

– Technological shocks
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Does it work?



Empirical test of the CAPM
Step 1: Create 10 portfolios sorted by β at y − 1

• For each asset i and month t, we defined excess return xit = rit − r1mft

– rit is the return over the month t

– r1mft is the 1-month T-bill rate at the start of t (1-month risk-free rate)

• For every pair i× t, estimate beta on a 60-month window, conditional on 24
non-missing month observations

• On January 1st of every year y, create ten portfolios by sorting on betas
estimates recorded in December of the previous year y − 1
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Empirical test of the CAPM
Step 1: Create 10 portfolios sorted by β at y − 1

r̃i − rf = αi + βi(r̃M − rf ) + ϵi
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Empirical test of the CAPM
Step 2: Estimate the CAPM parameters of those 10 portfolios on year y

• For each portfolio p and month t of year y compute :

– monthly excess returns

– estimate portfolio beta

• For each portfolio, compute time-series average of beta and excess return
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Empirical test of the CAPM
Step 2: Estimate the CAPM parameters of those 10 portfolios on year y
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Empirical test of the CAPM
Step 3: Plot β against x for 10 portfolios

• Estimated SML is too flat: the CAPM is not performing well at predicting returns
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Empirical test of the CAPM
Step 3: Plot β against x for 10 portfolios

• Estimated SML is really too flat !
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What do we learned ?

• Sharpe (1964): The tangency portfolio is the market portfolio

• The CAPM model writes :

r̃i − rf = βi(r̃M − rf )

• β is the right measure of risk

• Empirical research is mixed – Let’s see tomorrow !

• but Graham and Harvey (2000): 74% of firms use the CAPM to estimate the
cost of capital and Asset management industry uses it massively for performance
attribution
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Discussion


	Last week: Portfolio Theory
	Capital Asset Pricing Model
	Security Market Line
	CAPM vs. APT
	In Practice

